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Abstract

Formal model analysis tools are essential elements in uadeénsty how structure drives behavior.
Conventional model analysis relies heavily on a time-consumingimgrgal iterative process. Current
formal tools are not mature enough for application to most modeks p@iper presents a loop dominance
analysis approach based on eigenvalue elasticity analysisivBige elasticity analysis, although a
potentially strong formal model analysis tool, has drawn criticismas e years for a number of reasons.
The approach proposed in this study attempts to bring proper solutidhe issues raised by those
criticisms. To this end, a ten-step procedure is proposed. Atmengnost prominent features of the
proposed procedure is the ability to track the influences ofb&xdloops on a specific variable of
interest. Others include the ability to track the loop domiealymamics over time and an attempt to the
codification of the proposed features of the eigenvalue @tgstinalysis. Several programming codes,
written for this purpose in mind, are presented in the paper. Theeatml of the proposed approach is
demonstrated using a simple economic long wave model and two abldetsmall chosen from earlier
methodological studies on formal loop dominance analysis. The results@bpmiations also facilitate
the comparison of the proposed approach to other formal model analysis tools

Keywords: Loop dominance, nonlinear dynamics, complex systems, eigenvalugitylaahalysis,
formal model analysis, model structure, economic long wave.

1. Background
1.1. Motivation

The concept of feedback in systems thinking essentiaiypstrom the notion that endogenous sources
are responsible for the creation of system behavior. Akin to this view, thespref the system dynamics
has been to bring understanding to how structure drives behdviaterstanding model behavior” has
claimed the first rank in a list of eight problem areas pmwdod as currently deserving the attention of
system dynamics practitioners (Richardson 1996).

Although the importance of structure in unfolding of model behaviacksaowledged, the formal tools to
reveal how structure generates behavior have largely bessinmin the system dynamics applications.
The established practice in model analysis in system dygsdield is to formulate relevant hypotheses
and to perform repeated simulations to test them. Furthermoreexpéimental approach has to be
coupled with intuition and experience on the part of the analystder the approach to be fruitful. The
difficulty of carrying out this process becomes burdensome evesxfmrienced modeler in dealing with
complex models. While this approach is a necessary part of moagkia and probably will never be
completely replaced it should be supported by formal analysis tools in orderdas@che efficacy of the



existing practice. Over the years, there have been atteawpasds a better understanding of structure-
behavior linkages and the formulation of formal tools for thigppse (Forrester 1982; Davidsen 1991,
Richardson 1995; Ford 1999; Saleh 2002; Mojtahedzatlah2004; Oliva 2004).

The earliest and mathematically the most rigorous of thedlomodel analysis tools is the eigenvalue
elasticity analysis (Forrester 1982). This study is an attéonatvance the eigenvalue elasticity analysis
as a methodology for tracking the dynamics of feedback loop domiivahigh-order nonlinear models.
The overall goal is to develop a theoretical and methodologialefvork to uncover structure-behavior
relationships in highly complex nonlinear models. Specific olvjestof the research are to determine the
dominant behavior modes in highly nonlinear models and the contributimoaéls’ feedback loops to
these dominant modes.

The research holds promise of opening ways for possible thebrd&ealopments in how certain
feedback loops operate together to give rise to various lmeharades in nonlinear models (Glneralp
2004). Practical contributions will be identification of parametieas play a significant role in generating
the dynamics of a model. This improvement would lead to ideritditaof efficient policy leverage
points in the particular system under study. Finally, successiplementation of the proposed
methodology on a model would increase the credibility of the modelderin policy analysis and
decision-making practices. Accomplishment of these objectiiésamitribute to the analysis of complex
nonlinear systems by providing a numerical tool to identify sicarit causal structures that underlie the
dominant behavior modes in highly nonlinear systems.

This paper presents the results of the first stage ofeearch on loop dominance dynamics. The later
stages of the research will concentrate on the coupling digle@value elasticity analysis with the error
analysis tools (Gertner 1987). Important objectives of thie tyf analysis include the identification and
guantification of different sources of uncertainty that propag¢iateugh the model affecting model
behavior patterns. The coupling will enable to identify theat$ of parameter uncertainty on the loop
dominance dynamics in a model. The broader impact of the researoltarmepleted will be twofold: Its
contribution to the analysis of complex systems by bringing a newstadding to how structure drives
behavior in nonlinear models, and by identifying the effectavameter uncertainty on these structure-
behavior relations.

1.2. Loop dominance analysis

Analyzing the structure-behavior relationship in a model es$igntéaveals what parts (which feedback
structures) are responsible for which behavior mode of the model and to vamit €ke central theme in
uncovering structure-behavior relations is the “dominant loop” contbptmodel behavior evolves as a
conseqguence of the dynamic interactions between various feedimpskdf the model. As a result, the
influence of any feedback loop at any time on the generation oflrhetlavior may change. The most
influential structure in determining some segment of the dyrsaofia system is called dominant and the
analysis that aims to uncover these loops is called the loop dominangssanal

Uncovering dominant feedback structures is important in a numbvesys. For instance, they may assist
in formulating principles on how certain feedback loop combinatfanstion in concert to generate

observed behavior patterns. Graham (1977) constitutes tharfalsbnly attempt in organizing a set of
such principles. Recently, Guneralp (2004) presented integesésults on the structure-behavior
relationships on a set of linear models that may also have potentiaatmgis for nonlinear systems.

Loop dominance analysis has attracted the attention of a hamdfydtem dynamics researchers. These
studies approached the subject from different points of view. On the one handrelstreciure-oriented



tools such as eigenvalue elasticity analysis (EEA) and pathwagipation metrics (PPM). On the other,
there is the behavior-oriented approach of Ford (1999).

Forrester (1982) is the first to lay out the foundations ofeigenvalue elasticity analysis in the system
dynamics field. The practice consists of linearizing the model under stady @bint in time, calculating
its eigenvalues and then noting how the eigenvalues changesas lagugains change in the linearized
model. The eigenvalues can be thought of as different behavior riweaperposition of which gives
rise to the observed behavior of the system. Thus, EEA, by formounm@ection between the model
structure and behavior, provides a means to figure out the dominantr&giindhe model.

The EEA approach requires identifying all feedback loops arihiedl they pass through in the model. If
the model is highly complex with tens of feedback loops this proedaeromes prohibitively difficult.
To alleviate the problem, first Kampmann (1996) then Oliva (208d)ecup with techniques that allow
for using a relatively small number of loops to determine the most infhlistructure in the model.

The rigor in the mathematical foundations of the EEA also se¢erbg one of its disadvantages. The
approach is repeatedly criticized over its reliance on abstract matibal constructs such as eigenvalues,
which make little sense to the less mathematically addamaeother weakness of the approach is that it
is conventionally used to identify dominance at the level of theéetn In other words, it fails to relate the
identified dominant structure to any selected variable of interesd ([399).

The most recent contribution to the loop dominance analysis hasfaam&aleh (2002). Saleh, besides
introducing a new measure, callbéhavior pattern indexo quantify the behavior pattern of a state
variable, refined many aspects of the eigenvalue analysigdingl its application to nonlinear models.
His study once more showed that the EEA is perfectly suited for applicationlioeaw models.

A model at its outset may contain a number of redundant substrucibieeslominant behavior mode(s)
of the system under study could also be captured without theseustiorsts. Hence, eigenvalue analysis
can also be used to simplify linear models by retaining selected behavior (Ebddsin 1984).

Mojtahedzadeh (1997) has proposed another mathematical tool thdtaieih understanding structure-
behavior linkages. His method makes use of a pathway participagtic (PPM), a measure devised
based on ideas first elaborated in Richardson (1995). In contrast tBBEAg which traditionally
approaches the structure-behavior relations at the levebdélmPPM adopts a minimalist approach in
that pathways between two state variables are considerta gsimary building blocks of influential
structure. Eventually, some combinations of pathways define theimflogntial system structure, which
contains a single feedback loop, in determining the behavior ofeavstaable at a given time interval.
PPM stands as the only approach whose features are impldnestie experimental piece of software,
Digest(Mojtahedzadelet al. 2004).

One criticism directed towards the PPM method is that it iiientonly a single feedback loop at any
instant to explain the behavior of a selected variable (S200R). However, there are actually many
interacting feedback loops that are influential in generating#émavior of the selected variable at any
time interval.

Another problem about the PPM method is its somewhat myopic approastrutdure-behavior
relationship. In other words, by confining itself to a single pattioofiinance, the method misses what is
going on in the rest of the model and does not capture the modetiyvidmics. It is also possible that as
will be discussed later in the paper, PPM approach, in itsrduioen, fails to properly reveal the causes
of oscillatory behavior.



Approaching the loop dominance question from the behavioral perspehtvdistinguishing feature of
Ford's approach is its exclusive emphasis on behavior pattather than the structure or system
conditions in models (Ford 1999). The behavioral approach defines domimiim¢bree basic behavior
modes: linear, exponential and logarithmic. Furthermore, it identifienultaneous dominance by
bringing in the concepts of multiple dominance and shadow feedback staudtthile suffering from the
similar shortcomings such as the lack of automation and rigor to be applied tedalgeomplex models
the behavioral approach, by adopting a different vantage point andigiggr important questions
regarding the purpose and implementation of feedback loop analysis, 0w prospects to enhance the
potential of existing loop dominance analysis tools.

2. The methodology

Eigenvalue elasticity analysis was first proposed by Forrester (1982nathod for relating the strengths
(gains) of individual feedback loops to the behavior modesliokar system. Forrester concentrates on
the gains of the causal links that constitute the struaifithe model. The causal structure of a linear
model can be represented as a gain matrix (Eqg. 1). Each enliy gain matrix, which is equivalent to
the Jacobian used in linear analysis near an equilibrium point, eegea compact net gain that
represents the slope of the relationship between the net tthie sthte variablp and the state variabtg

i.e. the change in the net rate of the state varipble response to a change in the level of the state

variableq, ‘ﬂxp/‘ﬂxq :

Each eigenvalue of the gain mat@ represents an elemental behavior mode the system is capable
generating. These elemental behavior modes (or behavior mode, tintishbmay be present in a model
are:

(a) Monotonic convergent behavior mode associated with a real negatvealige;

(b) Monotonic divergent behavior mode associated with a real positive eigenva

(c) Sustained oscillatory behavior mode associated with a complexgedajpair of eigenvalues with
zero real parts;

(d) Convergent oscillatory behavior mode associated with a complgugeda pair of eigenvalues with
negative real parts; and

(e) Divergent oscillatory behavior mode associated with a complejugate pair of eigenvalues with
positive real parts.

These five behavior modes are shown in Figure 1 in the ordeathdisted. For monotonic convergent
behavior mode, the eigenvalue represents its decay ratecijmcal of which is the characteristic time
constant of the behavior mode. Similarly, a negative real part afraptex eigenvalue pair determines
the decay rate of an exponential envelope around the oscillatidhe.rifal part of a complex eigenvalue
pair is positive the oscillations will grow with time. On tb#her hand, the imaginary part of a complex
eigenvalue pair determines the observed frequency of the oscilld&iamkl{net al. 2002).

Y
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Figure 1. Five behavior modes of Eigenvalue Elasticity Analysis.




The superposition of these behavior modes gives rise to the abdmkiavior patterns of the model
variables. The gains are combinations of the model variablesefdle a change in the value of a certain
variable changes values of certain gains and thus modifieézetaior modes of the model (i.e. changes
the eigenvalues of the model). This may result in an alverafi the overall model behavior. Thus, in the
EEA, eigenvalues and eigenvectors characterize the global link bettveegrodel structure and behavior.
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The EEA can be used for formal model analysis even when thersysiger study is highly nonlinear
(Kampmann 1996, Saleh 2002). The gain matrix of a nonlinear model ¢aradpeed as one the entries
of which change over the simulation time due to nonlinear interescbetween its elements. However, at
sufficiently small time intervals such as the simulatione step, the entries of the gain matrix of a
nonlinear model can be assumed to be constants. In other words, thecdyofithie original model is
approximated through time by the behaviors of a series of Imedels with varying entries in their gain
matrices. Then the EEA can be applied to these series of gain mawgcesmulation time.

Eigenvalue elasticity is a convenient measure of transispibnse sensitivity of the model to parameter
changes. The elasticity values are dimensionless, so they are compatiatdach other. The elasticity of
a complex conjugate eigenvalue pair is also a complex conjugaténpsuch a case, the real part of the
elasticity gives the effect on the exponential envelope aroscitlations, while the imaginary part gives
the effect on the empirical frequency of oscillations (S&i@d2). The magnitude of the elasticity gives
the overall sensitivity of the cyclic mode. In particular, @hliaks with large elasticities are important. If
a small number of links have distinctly larger magnitudes thher®, this indicates that they define a
dominant subset of the model structure. Most of the time, thetinatlilinks happen to form feedback
loops in the model. A detailed explanation on the computation of eigernsfalsigcities is provided in
Appendix A.1.

A complete description of link elasticities allows one to wal® loop elasticities. This idea is based on a
property of elasticity that the sum of all link elasticiteesiving at a node, that is a variable in the model,
equals the sum of all link elasticities departing that nddes allows one to set up a system of
simultaneous linear equations the solution of which identifieddop elasticities of the model (Forrester
1983, Kampmann 1996). In general, the magnitude of elasticity measue®th importance of a loop
to a behavior mode. The magnitude can be used to rank loops accordimjy tdominance over each
mode.

The implementation of this procedure to calculate loop elastidiecomes unreasonably difficult if the
model consists of many feedback loops. Kampmann (1996) discoverea shall subset of loops is
sufficient to explain the most influential substructure of atesysdynamics model. However, the
“independent loop set” obtained is not unique in most instances andgmakiters worse, the resulting
structure-behavior explanations depend on the particular independgnsdt. Recently, Oliva (2004)
came up with an improvement over the “independent loop set” concept hateawing upon the graph
and network theory concepts, proposes an algorithm to put feedbaskabapmodel in a hierarchical
order. The algorithm produces a “shortest independent loop set)(STke number of loops identified
this way and their length is unique. Although the SILS is not unilo@eSILS algorithm does generate a



unique outcome from a given model structure. The SILS algorithnivessthe problem of arbitrarily
forming an independent loop set. It also eliminates the need for usingveloa complicated approaches
such as Mason’s rule and solving the characteristic equatiorrdctiglicalculate loop elasticities as
proposed by Goncalves al. (2000). Although the system of equations will still be overdetezthior a
typical-sized system dynamics model, it will be consistentremde will yield a unique solution in terms
of loop elasticities (Kampmann 1996).

Oliva and Mojtahedzadeh (2004) has shown on a simple economic longmaded that the most
influential loops determined by the PPM method are contained iSlti% of the model. Therefore, it is
possible to explain the core dynamics based on the loops seleictgdhes SILS method. However, as
they mentioned in their paper, coupling SILS with the EEA woulalafbr an exploration of interacting
feedback loops based on the simplest, most granular andvaoibps. Therefore, the resulting analysis
will be system-wide rather than local and based on an irgus¢ of loops. This paper presents, among
other examples, the results of and a discussion on a joinerimeptation of SILS and the EEA on a
simple long wave model.

As with every other loop dominance analysis tool, the EEA lisirstits formative phase and because of
this, criticisms over its implementation have not been missing in theliter@ord 1999, Mojtahedzadeh

et al. 2004). The problems these criticisms raise and how they cdedan this study are explained in

the following paragraphs. It is hoped that the proposed approachdwa@hce the EEA as a methodology
for tracking the dynamics of feedback loop dominance in highly nonlinear models.

First, a typical application of the EEA amounts to a loop dominanedysis at the level of the model
under study. In other words, while behavior modes and the most influpatits of the model are
identified one could not be able to explicitly relate these findiagmy state variable in the model. Saleh
showed that it is possible to break the relative changes in net rag sthée variable at any time down to
its constituents each of which is due to each behavior mode eyskem. In this paper, it is shown that
by further elaboration, the contribution of each behavior mode on elegted state variable can be
quantified at any time over the simulation run. The following Isief explanation of the approach; the
details are presented in Appendix A.

During simulation, the dominance of each behavior mode may changetilmecas a result of the
dynamics among various feedback loops of the system. Theseeshartgrn are reflected in the overall
behavior pattern of the system. As mentioned above, the model beisagidinear combination of all
behavior modes represented by the eigenvalues of the syste®) (Ehus the contributions of behavior
modes on the overall behavior at any instant can be examined independenlbynes fo

s=aqn+.+a;r +.+ar, )

wheres is the slope vector; is the right eigenvector associated withithéehavior mode, and, is the
coefficient of thé™ behavior mode, given by

a =ale " i=1..n (3)

wheret, is the initial time,a’ are the initial values oft, att, and/; is the eigenvalue representing the
i behavior mode.

o =alep =al’y 4)
Spdt - aioéi(dt-to) " (5)



At each time step interval, Eq. 4(5) gives the portion itiin(final) slope of the state variable of interest
p coming from theé™ behavior mode. The change in the state variplilae to thé™ behavior mode is
then

Ds, =5," - ' ©®)

The resulting changes in overall behavior reveal the conwibwdf each behavior mode on the state
variable of interest. The comparison between the contributiobslavior modes becomes easier when
the changes they induce are normalized by the sum of the absoluteofdhgse changes. Then the ratio
of the change due to that behavior mode and the sum of absolute chiargaherelative contribution
of each behavior mode to the overall behavior of the variabletefest (Eq. 7). The rescaled changes
vary between -1 and 1. A negative rescaled change at any émmeans that behavior mode decreases
the slope of the state variable of interest in that iater& positive change, however, means that the
behavior mode increases the slope of the state variableeoéshin that interval. The closer the rescaled
change is to —1 or 1, the greater the change in the slope tha behavior mode. It is worth mentioning
that the rescaled contribution values tell nothing about theenafuhe behavior mode it belongs or that
of the overall behavior pattern.

Ds,
DS,y

m=1, p

Cp = i=1...n (7)

Second, there is the question of how dominant behavior modes play out throtnghsumulation. It is
possible that not every state variable of a model exhibitsahee behavior mode. As mentioned in the
previous paragraph, the specification of a variable of interest afldresses the issue of different
variables simultaneously exhibiting different behavior patterns.

Third, it is also possible that the behavior mode exhibitednlyystate variable be composed only of a
single dominant behavior mode at all times during the simulatioareTmay be brief periods where the
dominant behavior mode of a state variable changes from one betmderto another or even periods
of considerable length during which more than one behavior modéeedittee behavior mode of one or
more state variable. These situations certainly havedatjgns on determining the dominant feedback
structure. The conventional approach in EEA is to pick up a sb@flavior mode as the dominant one,
look at which loop(s) it is most sensitive to and then claim tfthose) as the dominant substructure.
This approach, however, simply fails when there is more than a single dominanbbetale to explain
the behavior of the selected variable. Nevertheless, theifigetion of the contribution of each behavior
mode to the behavior exhibited by the selected state variakle affway out. The rescaled contribution
values of behavior mode may serve as weights for those ibelmaedes (Eq. 7). This way one can say,
for example, that 60 percent of change in the state varibieecest is due to behavior modevhile the
remaining 40 percent is due to behavior mbdet a particular time step. These values can be used as
weights for the loop elasticities of each behavior mode foh éaop in the “shortest independent loop
set”. The resulting values would then reflect the overall infteeof loops over the behavior of the state
variable of interest at any time step:

0g = ) Ge k=1.K (8)

i=1

wheree{( is the elasticity of" behavior mode to look



Since what we really care about is the relative importandbeofeedback loops in creating the system
dynamics it would be better if the overall loop elasticitibtamed through Eq. 8 are normalized by the
sum of their absolute values (Eq. 9). The rescaled overall dtasticities vary between -1 and 1. A
negative loop elasticity at any time step means that tbatdoives the behavior of the state variable of
interest overall in that interval in negative direction. Aipes elasticity, however, means that the loop
drives the behavior overall in positive direction. The closerotheall loop elasticity is to —1 or 1, the

greater the influence of the corresponding loop.

re, = 0% k=1.K 9)

Fourth is the lack of automation, which remains as a stringetdaadso widespread implementation not
only of EEA but of other loop dominance analysis methods as welll (289, Saleh 2002). While a
necessity, the automation issue is neither something to bgaésnlany one study nor in a short period
of time. The new tool that is presented in this study for thiysinaf the structure-behavior relationship
should therefore be seen as a humble attempt towards thetéutiation of EEA features. Nevertheless,
it serves as a starting point for more advanced implenemsatf the methodology. For this purpose,
several pieces of computer code have been written. A piecedefwas written in C language whose
main function is to provide the communication between the modeling/sionukoftware Vensifh and
MATLAB ® where the actual loop dominance analysis is carried outinf®iis selected because of its
advanced data handling capabilities. Its Monte Carlo sengitimialysis module will also be used in the
later stages of this research. MATLABon the other hand, is a tool for algorithm development, data
visualization, data analysis, and numerical computation withiceatand vectors. The pseudo-codes for
the codified portions of the analysis are provided along withf loléscriptions of their functions in
Appendix B.

3. The feedback loop dominance analysis procedure

The proposed methodology is formulated as a ten-step procedure frapareflecting where the EEA

currently stands in loop dominance analysis this sequential abpisaa step forward towards the
establishment of the EEA as a formal loop dominance method. Whitettooarry out some of these
steps are available in some of the commercial SD sdtwdners still require manual labor (e.g.
determining the pathways between state variables and the gains gidttosays).

The first four steps stand as exploratory structural arsahetause they amount to identifying structural
characteristics of the system dynamics model. The remainingteds perform on the structural layout
produced by the previous steps and are computationally intensive.

1. Identify and list all nodes (i.e. all elements except the antstnd table functions) including the
state variables (i.e. stocks) in the model. At this stdge state variable of interest for which the
feedback loop dominance dynamics is to be analyzed can be selected.

2. ldentify and list all causal links (except the ones that imvobnstants and flow-to-stock links) and
pathways in the model. The causal links are the structuralimgiiblocks of feedback loops and a
link elasticity is the sum of elasticities of all loops whnithat link is a part of. They need to be
identified so that their elasticities will be computed and usesbtaining loop elasticities later on.
Pathways are causal structures linking one state varialileetf or another. There may be multiple
pathways on which a state variable interacts with itsetftloer state variables in a model. A pathway
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may consist of one or more causal links and a causal lindienap several pathways. Identification
of these pathways allows for relating eigenvalue elasscttmputed from the compact gain matrix
G to the elasticities of causal links.

Identify and list the feedback loops in the Shortest Indepehdept Set (SILS) for the model using
the structural analysis procedure proposed by Oliva (2004). Téiggure is an improvement over
Kampmann’s independent loop set concept in the sense thattly geshices the subjectivity in the
selection of loops that form the most granular yet comprehemsmeesentation of the model
structure. Interested readers are referred to Oliva (2004)datdtails of the SILS procedure.

Form the gain matrix, which represents the links betweém \&saables in their most compact form.
The pathways linking the state variable pairs can be aggeg#o single links. The gains of these
composite links are the elements of the gain matrix. In lineadeis, the equations for these
composite gains are fairly simple and the values they a#tanconstant; in nonlinear models,
however, they may get quite complicated and their values cluaegdime. This amounts to writing

down the model equations and taking the partial derivatives with respechtstatgcvariable.

Simulate the model and read the gain matrix, pathway gainfipwstof state variables over time
from Vensim into MATLAB. Vensim has built-in functions that allder exporting simulation
output out to be used by other software. A C code was writech reads data necessary for the
analysis from Vensim and transfer to MATLAB where most of the rest darthlysis is performed.

Determine the characteristics of all elemental behamades of the system and the contribution of
each behavior mode to the behavior of the state variablgteest. The identification of behavior
modes of the system amounts to the computation of the eigenealdesgenvectors of the model at
each analysis time step. The contribution of each behavior atagley time step can be determined
by sequentially deactivating all but one of the behavior modesatigg the change in the slope
vector of the selected variable between consecutive time #tips a suitable rescaling so that they
take on values between -1 and 1, they serve as the weights ohé&wobenodes that constitute the
overall behavior mode of the selected variable for the concéimednterval. As with the rest of the
analysis this is repeated at every time step. See AppentlifoAa detailed discussion and Appendix
B.2 for the pseudo-code of an algorithm that does the relevant computationsdforder models.

Compute the elasticities of behavior modes (eigenvalues) with respieetclompact links in the gain
matrix. For a detailed explanation and the corresponding equation, Egel.@ppendix A.1. The
pseudo-code of the algorithm that does these computations is given in Appendix B.3.

Compute the eigenvalue elasticities with respect to eadalclink selected in Step 2. For a detailed
explanation and the corresponding equation, Eq. A.10, see Appendix A.1. The pseéedyd-the
relevant algorithm is given in Appendix B.4. The algorithm is medifor the analysis of a simple
long wave model.

Using the links identified in Step 2 and the loops in SILS, fornditested cycle matrix. Directed
cycle matrix is a notion borrowed from the graph theory in madtiesnand is used to present the
information on which cycles (loops) are formed by which links itricadorm. The rows in a directed
cycle matrix are links, and the columns are loops where the eleipneinthe matrix is 1 if link is an
element of loog and 0 otherwise. The loop elasticities are related to nkeelasticities through the
directed cycle matrix (Appendix A.2). The matrix will most syreé overdetermined for almost any
system dynamics model. Nevertheless, its rank will be equiddetemiumber of columns, thus will
always have a unique solution (Kampmann 1996).

Compute and plot the overall loop elasticity values over & evaluate the findings. Having
determined the loop elasticities in Step 9, the overall locgiieily of any loop can be computed by
multiplying that loop’s elasticity for each eigenvalue the corresponding eigenvalue contribution
weight (see Step 6) and rescaling between —1 and 1. Thengdalip elasticity values are plotted
over time, which enables visualizing the evolution of loop dominancamigs acting upon the



selected model variable over time. The pseudo-code of the higatitat does the computations of
this step for the simple long wave example is given in Appendix B.4.

4. Application of the proposed methodology

The application of the proposed methodology is illustrated usireetmodels selected based on the
criteria that they should come from earlier methodological aminance studies and would give the
most insight (which also happened to come from the most recatiest on the potential of the EEA
approach. A system story will be weaved around the findingsobf madel’s analysis. This will result in
coherent, dynamically correct explanations of how certain patiseofystem structure create observed
patterns of the system behavior as advocated by MojtahedetdeRB004. In addition, comparisons with
earlier approaches will be presented. The model variable rema@sitalics in the text. The equations of
the models used as examples are given in Appendix C.

Yeast Population model
This is a simple second-order nonlinear model of yeast populdgicsamics. It is previously used in the

loop dominance analysis context by Saleh (2002). The stock-flow didagraresented in Figure 2. The
model provides a classical example of overshoot-then-collapse dynamics.
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Figure 2. Stock-flow diagram of Yeast model.

1. Identify and list all nodes and choose the state variable of interest.

There are eight nodes in the modeCells Alcohol births, deaths alcoholgeneration
alcoholpercellgeneratiareff alc birth andeff alc deathCellsis chosen as the state variable of interest.

2. Identify and list all causal links (except the ones that invodrestants and flow-to-stock links) and

pathways in the model.
There are seven such causal links in the model and they are listedariTab
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Table 1. Causal links of Yeast model relevant to the analysis.

Link no. Variable sequence

1 Alcohol — eff alc birth
Alcohol — eff alc death
Cells — alcoholgeneration
Cells — births

Cells — deaths

eff alc birth — births

eff alc death — deaths

N o Ok wN

There are two pathways fro@ellsto itself, one pathway fror@ells to Alcoholand two fromAlcohol to
Cells(Table 2).

Table 2. Pathways in Yeast model.

Pathway no. Variable sequence
1 Cells, births, Cells
2 Cells, deaths, Cells
3 Cells, alcoholgeneration, Alcohol
4 Alcohol, eff alc birth, births, Cells
5 Alcohol, eff alc death, deaths, Cells

3. Identify and list the feedback loops in the Shortest Independent Loop Set (SILS).
The loops in the SILS of Yeast model are listed in Table 3.

Table 3. Feedback loops in the Shortest Independent Loop Set of Yeast model.

Loop no. Variable sequence

L1 Cells, births

L2 Cells, deaths

L3 Alcohol, eff alc birth, births, Cells, alcoholgeneration
L4 Alcohol, eff alc death, deaths, Cells, alcoholgeneration

4. Form the gain matrix, which represents the links between state \ewiatheir most compact form.

The model is a second-order nonlinear one. Therefore, the dimensiomgaihitmatrix are 22 and the
elements of the matrix change continuously over time. The naatdsxhe partial derivatives are in Eqg. 10
and Eq. 11, respectively. The first and second terms in Eq. 11.a agaitiseof the Pathways 1 and 2
respectively. Similarly, the first and second terms in Eq. atebthe gains of the Pathways 4 and 5
respectively. The partial derivative in Eq. 11.c equals the gain of Pathway
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1 Ce'u}/ 1 Céll/s/
G _ fCells T Alcohol

yeast — ) . (10)
‘HAICOhCV ‘HAIcohcy/
TCells T Alcohol
T céu;/ - ( eff alc birt E) eff alc death
fCells /hglivisiontim + Metime) (11.a)
'ncénf/ - .0.1% ( Cell e) ( eff alc death*Ce 6)
farconol = 0 | “iuisionime * Hetetim (11.b)
Alcohol _ .
T 43ells_ alcoholpercellgeneratic (11.c)
1 Alclohcy _
fAlcohol = ° (11.d)

5. Simulate the model and read the gain matrix, pathway gains, net flows of sttéesaver time.

The behavior of the variable of interest over 90 minutelasve in Figure 3. The yeast cells grow at a
fast rate during the initial phases of the simulation but #semore and more alcohol accumulates in the
environment eventually they are wiped out after an even fdetdine; thus the overshoot-then-collapse
dynamics. The data required to further the analysis is read\fiemmsim and transferred into MATLAB
using the main function whose pseudo-code is in Appendix B.1.

Cells

40
30

20
L1 LT3 L214 L2

10 /

0 \
0 5 10 15 20 25 30 35 40 45 50 55 60 &5 70 75 80 85 %0
Titne Qfirte)

Cells : yeast

Figure 3. Reference behavior of state variable of inteCedis
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6. Determine the characteristics of all elemental behavior madfd¢he system and the contribution of
each behavior mode to the behavior of the state variable of interest.

The behavior modes that are present at any time step andefagive contributions (weights) to the
overall behavior of the variable of interest are provided on €igurThe evolution of these behavior
modes over time is shown in Figure C.1 of Appendix C.1.

The Conftributions of Elemental Behavior Modes to the Behavior of Cells
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Figure 4. Rescaled contributions of behavior modes on behavior of statdevafimerestCells

7. Compute the eigenvalue elasticities with respect to compactnitiks gain matrix.

The elasticity of each behavior mode is in matrix form as shiowigure 5. For brevity, the graphs for
the elasticities are not shown.

evl evl ev2 ev2 eve eve
Eevl —_ ell QZ EevZ — ell QZ eve ell QZ

yeast — eyl evl yeast — _ev2 ev2 yeast — _evc eve
€ & €1 & € &
(@) (b) (©

Figure 5. Elasticity matrices for two real eigenvalwear{db) and complex paircj.

8. Compute the eigenvalue elasticities with respect to each causal link.

The set of equations that gives the elasticities with oésjeeeach causal link are listed below. For
brevity, the graphs for the link elasticities are not shown.

ecll - QIG - ?2* ng,pathwa\%-2 , ec|2 = QW — ?2 * glz,pathwa%-2

_ _ Oh1,path _ U1 pathway 2
€3~ €1, €, =6." paey 9, €5 =6~ pafey O,
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wheregy, is the gain of compact link from state variafjléo p, Gpg pathway iIS the gain of pathwaiyfrom
state variable) to p, andey is the elasticity to compact link from state variadpl p. The superscripts
that identify eigenvalues are omitted for clarity.

9. Using the links identified in Step 3 and the loops in SILS form the dimatke matrix.

The directed cycle matrix for this model is given in Figbirdt is a 7 4 matrix and its rank equals 4, the
number of loops on the SILS.

cli
cl2
cl3
cla
cls5
cl6
cl7

Figure 6. Directed cycle matrix of Yeast model.
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10. Compute and plot the overall loop elasticity values over time and ex#hestindings.
The overall loop elasticities are computed and resulting loop dominance dgreamishown in Figure 7.

The Loop Dominance Dynamics
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Figure 7. Evolution of loop dominance dynamics for Yeast model over time.

The dynamics that give rise to the well-known overshoot-theajussl behavior in this particular case is
beautifully revealed by the loop dominance analysis. One importstimation of this analysis from the
one presented in Saleh (2002) is that the analysis in the daitdy was done for only four time steps.
Each of these time steps is picked arbitrarily from eaciogheluring which different behavior modes are
dominant (Figure 4). In contrast, the analysis presented above is trulyuomstin time.
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Nevertheless, the findings of the two study are in agreement exceptthandlysis time step at 70 of
Saleh (2002) First of all, both studies identify four phases of model behasémh characterized by
distinct behavior modes: Exponential growth, diverging oscijataronverging oscillatory, and
exponential decay behaviors (See Figure 4 and Figure C.1).

As for the loop dominance dynamics the two studies identifysétmee loops as dominant except the
discrepancy mentioned in the previous paragraph. While ldofs dominant during the exponential
growth phase loopkl andL3 are co-dominant during the divergent oscillation phase. The important
point is that from the rescaled dominance graph it is not podseilléferentiate which loop supports the
divergent mode. Close examination of elasticities revealddbpt_1 supports the divergent mode while
loop L3 has a restraining effect. During the second phase,Ubdgp mainly responsible for the expansion

of the envelope (i.e. its elasticity is substantially hoglty for the real part) while loop3 generates the
oscillations (i.e. its elasticity is nonzero only for the imaginary) @dthough not as strong as lobp.

At minute 65.5, the real part becomes negative, oscillatory moaenescconverging and we pass onto
the third phase (Figure C.1). The corresponding elasticity salfi¢he loops change sign accordingly.
These loops arkl andL2 since loop.3 and loopL4 are only responsible for the generation of the cyclic
pattern. This makes sense because lébpnd loopL4 are major loops, in other words pathways for the
propagation of disturbances from one state variable to afotbetil this point, loopL3 has lost its
influence giving way to looh4; loopsL1 andL2 are of equal importance though now the elasticity of the
first is negative, that of the latter is positive. At man@8.87, gain of looh1 becomes negative and
hence its elasticity becomes positive but by now Ibgas become the most influential loop on the
convergence of the exponential envelope. The influence oflédpalso increasing but it is still smaller
than that of loop.2.

At minute 77.9, the complex conjugate eigenvalue pair bifurcaigdveo real and negative eigenvalues
emerge, hence the fourth phase: the exponential decay. Bhieitds of loopd.1 andL?2 are positive for
the larger eigenvalue, negative for the smaller. Ihésdpposite for loops3 andL4. However, in terms
of magnitude loop&2 andL4 have the two largest elasticities. Towards the end of thdasion loopL2
becomes completely dominant while the resistance oflldagradually dies away.

The application of the proposed methodology in this simple example dnabteving how loop
dynamics evolve over time for a second-order nonlinear model. Inicagdihis allows tracking the
continuous change irelative influence of loops in SILS. Another improvement is the fact @hadriable

of interest, that i€ells, is specified and the loop dominance analysis is done for thabiariThis is
important since the EEA is often critiqued for being too gérierdts conclusions meaning that the
resulting dominant loops could not be associated with a particateble of interest in the model. Last
but not the least, using the contributions of behavior modes on thalldwehavior of the variable of
interest as weights for the loop elasticities for eacthe$d behavior modes is something new and the
preliminary results are promising.

An example with nonlinear oscillations (A Predator-Prey model)

This example is another second-order nonlinear system knowotka-Volterra model. It is used by
Mojtahedzadeh (1997) to illustrate the application of PPM approach nonlinear oscillatory model,
thus the following analysis not only illustrates the applicatbthe proposed methodology on a model

! The discrepancy is apparently caused by a sligimpaitational error in Saleh (2002).

2 This observation is in line with the one statedsitineralp (2004): In a second-order oscillatoryesyswith one
major and two minor loops, the negative-polarityjondoop is only responsible for the imaginary pattereas the
minor loops are mainly responsible for the reat pad reduce only slightly the frequency of ostitias.
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with sustained nonlinear oscillatory dynamics but it also prevale opportunity to compare the two
approaches. The stock-flow diagram is presented in Figure 8.

rate

prey birth

gﬁey

prey birth

predator birth

predator interaction

constant

prey death

prey interaction
constant

Predator

predator death

Y

predator death
rate

Figure 8. Stock-flow diagram of Predator-Prey model.

1. Identify and list all nodes and choose the state variable of interest.

There are six nodes in the modBledator, predator birth predator deathPrey, prey birth andprey
death Preyis chosen as the state variable of interest.

2. ldentify and list all causal links (except the ones thathr@voonstants and flow-to-stock links) and

pathways in the model.

There are six such causal links in the model and they are given in Table 4.

Table 4. Causal links of Predator-Prey model relevant to the analysis

Link no. Variable sequence
1 Prey — prey birth
2 Prey — prey death
3 Prey — predator birth
4 Predator — predator birth
5 Predator — predator death
6 Predator — prey death

There are a total of six pathways: Two pathways fRyay to itself, two fromPredatorto itself, one from
Preyto Predatorand one froniPredatorto Prey (Table5).
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Table 5. Pathways in Predator-Prey model.

Pathway no. Variable sequence
1 Prey, prey birth, Prey
2 Prey, prey death, Prey
3 Predator, predator birth, Predator
4 Predator, predator death, Predator
5 Predator, prey death, Prey
6 Prey, predator birth, Predator

3. Identify and list the feedback loops in the Shortest Independent Loop Set (SILS)
The loops in the SILS of Predator-Prey model are listed in Table 6.

Table 6. Feedback loops in the Shortest Independent Loop Set of PredatmoBedy

Loop no. Variable sequence

L1 Prey, prey birth

L2 Prey, prey death

L3 Predator, predator birth

L4 Predator, predator death

L5 Predator, prey death, Prey, predator birth

4. Form the gain matrix, which represents the links between state \eri@ktheir most compact form.

The model is a second-order nonlinear one. Therefore, the dimensiomgaihitmatrix are 22 and the
elements of the matrix change continuously over time. Thexratd the partial derivatives are shown

below:
1 Prey, T P're)t/
_ TPrey 9 Predator

G predator- prey — . . (13)
9 Predato 1 Predm//r
TPrey 9 Predator
1 Pr'ey _ . ] i i
4@/— prey birth rate f prey interaction coast* Predato) (14a)

3 For an alternative stock-flow representation @ thodel, SILS procedure identified only the filstir loops
leaving out the major loop connecting the two stodihe alternative representation is given in Fegor2 of
Appendix C.2. Without the major loop the two stoeksuld be decoupled and there would not be a poegaty
system. This fact and the following analysis iltas® that it is actually an essential loop for d$lgetem to oscillate
not to mention to exist as it is. Although thisifw-order system it gives sufficient reason tlfer scrutinize the
SILS approach with high-order systems. This exaraptauld be regarded as a warning against the aisied
application of the SILS approach —or of any metfusdhat matter.
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T Pre% = -prey interaction constant Pr (14b)

Predator
1 Preda%?rey: predator interaction constant Pred: (14c)
\l Predat%are dator" Predator interaction constant Prey  predateath rat: (14d)

5. Simulate the model and read the gain matrix, pathway gains, net flows of stategaver time.

The behavior of the variable of interest over 60 months is showigure 9. Because the oscillations are
sustained, the following analysis is conducted over a period of 30 mavttfeh is approximately the
period of oscillations.

Prey
3.25 /\ /\
25
175
L] L3 L2 L4 L1 L3 L2 L4 L1
1
e ——
0.25
0 6 12 18 24 30 36 42 48 54 60
Tine Idonth)
Prey pp individualfacre

Figure 9. Reference behavior of state variable of intePesy,

6. Determine the characteristics of all elemental behavior madfd¢he system and the contribution of
each behavior mode to the behavior of the state variable of interest.

The only behavior mode for this model is sustained oscillgtiamsch is reflected in the complex
eigenvalue pair of the gain matrix. However, these osciflatare different in nature than the elemental
sustained oscillatory behavior mode in the sense that therfirgiaased by the nonlinear mechanism in
the system. Although there is only one complex eigenvalue pair thencanaginary parts continuously
change over time (in fact they oscillate too) because of thinearity in the model. These oscillatory
changes in the real and imaginary parts of the eigenvaluegathe cause of the observed sustained
oscillations. Since there is only one complex eigenvalue pdireafinbdel at any time there is no point in
calculating the contribution weight, which is obviously one. The figoae shows how the exponential
envelope and the frequency of the oscillations (associated witlhe#teand imaginary parts of the
complex conjugate eigenvalue pair, respectively) evolve one, tis given in Figure C.3 of Appendix
c.2.
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7. Compute the eigenvalue elasticities with respect to compactnitiks gain matrix.

The elasticity of each behavior mode is in matrix form as shoviaigure 10. For brevity, the graphs for
the elasticities are not shown.

ev real ev real ev imag ev imag
Eev real = e.l.l Q.Z evimag - 1 2
predator- prey ev real ev real predator- prey evimag evimag
%1 eZZ 1 2

(@) (b)

Figure 10. Elasticity matrices for real) @nd imaginarylf) parts of complex eigenvalue pair.

8. Compute the eigenvalue elasticities with respect to each causal link.

The set of equations that gives the elasticities with oésjeeeach causal link are listed below. For
brevity, the graphs for the link elasticities are not shown.

— 11 path - O11 pathway? -
€ = 8" paey 9, € = &% paey 9 €13 = &

— * gZZ,pathwayS — * gZZ,pathway4 — * ng,pathwayS
eC|4 - %2 g ’ eC|5 - %2 g ’ eCIG - QZ g
22 22 12

9. Using the links identified in Step 3 and the loops in SILS form the dimatke matrix.

The directed cycle matrix for this model is given in Figure 11. It is & Batrix and its rank equals 5, the
number of loops on SILS.

L1 L2 L3 L4 L5
cll 1 0 0 0 0
cl2 0 1 0 0 0
cl3 0 0 0 0 1
cl4 0 0 1 0 0
cl5 0 0 0 1 0
cl6 0 0 0 0 1

Figure 11. Directed cycle matrix of Predator-Prey model.

10. Compute and plot the overall loop elasticity values over time and ex#heafindings.

The overall loop elasticities are computed and resulting loopindmee dynamics impacting the
exponential envelope and the observed frequency of oscillatienshawn in Figure 12. The loop
dominance dynamics impacting the oscillatory behavior as a whole are shownria E3.

19



The Loop Dominance Dynamics for The Loop Dominance Dynamics for
the Exponential Envelope the Frequency of Oscillations
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Figure 12. Evolution of loop dominance dynamics for exponential envédpad for frequency of
oscillations(b) of Preybehavior over time.
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Figure 13. Evolution of loop dominance dynamics for overall behaviBrefover time.

The results of the analysis show how the nature of the susbtaswdlations in this nonlinear system
differs from the nature of those in linear systems. The ooil& are indeed sustained but this is not
because the exponential envelope is non-existent (i.e. neafghe eigenvalue pair is zero) but because
the exponential envelope keeps changing due to the nonlinearity imdtel (Figure C.3j.The
exponential envelope is a diverging one during two segments ofilod pé& oscillations. The first of the
two segments is between months 0 and approximately 6.80 and the sebetwleen months 20.5 and
30. Between these two segments the exponential envelope niaatiogt (Figure C.3). Figure 12a shows
that both minor birth loops, that is, loop$ andL3 support the diverging exponential envelope but resist
when it is in the contracting phase. In contrast, both minor deagis,Ithat is, loopk2 andL4 support
the contracting envelope but resist when it is in the divergeade. In addition, it is worth noting that the
major loopL5 plays no role over the exponential envelope.

* The nonlinearity is a simple multiplication of theo state variables reflecting the interactiorhef two species
(See Appendix C.2 for the model equations).
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The frequency of oscillations too changes over time (Figure Th&)major loof.5 is virtually the only
responsible structural piece for the frequency for almost the whole pEripad 12.b). The elasticities of
the prey birth loof.1 and the predator death lobg are positive (potentially leading to higher frequency
of oscillations) for almost half the period and negative (poténtiehding to lower frequency) for the
rest. The picture is the opposite for the prey death Ll@xmnd the predator birth lodf8. The minor death
loopL2is, however, at least as influential as the major loop around month 20 (Fitpyire 12

A word of caution in interpreting loop dominance graphs is in order. In Figure 13, althouglo timenor
loops, that is the loopsl andL2, associated with the state variaBiey seems to be the most dominant
pair, actually their influences are opposite to each otheevasled in Figure 12aBecause of this and
the fact that they act upon the same state variabletfak)stheir opposite influences actually cancel out
each other when their magnitudes are approximately equalisTtaf course, valid for the minor loops of
the state variabl®redatortoo. Thus, the actual influence of minor loops on the behavioaridible of
interest is in fact revealed by the sum of the influendeminor loops with a common state variable.
Accordingly, at any analysis time step, if the sum of theigrftes of the minor loops Brey(Predator)

is larger then the sum of the influences of the minor loopBreflator(Prey)then the minor loop of
Prey(Predator)with the larger magnitude is the dominant loop at that ste@. The time segments
during each of which a different minor loop of the model is domiaaatshown on Figures 9 and 13.
Thus the minor prey birth lodpl, the minor predator birth lodg, the minor prey death lod® and the
minor predator death loop4 are each dominant during the fast growth, peaking, slowing dealik,
grounding phases, respectively. It is worth noting, though, that tfts shidominance between these
loops are not instantaneous but gradual.

The above explanation is almost totally in agreement with the baised on the PPM analysis
(Mojtahedzadeh 1997). The only disagreement may stem from thpretiggion of the role of the major
loop L5. According to the PPM analysis the major loop plays relbtiless significant role. The
significance of its role is actually high, but it becomeslent only when the influences of each loop on
the frequency of oscillations (i.e. the imaginary part ofdigenvalue pair) are plotted (Figure 12b). This
fact, however, is not revealed with the PPM approach. It mustriphasized that the oscillations would
not occur at all if there were no such loop that connects the bwekssf{Figure 12b). The major loop's
overall influence is not prominent compared to the minor loopsHiggege 13) but here the situation is
certainly not as simple as that by the fact that the minoslaauld not function as they do now without
the presence of a major loop.

Another difference between the EEA and the PPM approachest ithéhéirst gives a more complete
picture in the sense that one is able to tracegtadual shifts in loop dominance through simulation and
at the same time observe tetative influences of each loop on the behavior of variable of interest.

On the other hand, this example also shows that one needs teh# icainterpreting the results of the

EEA. The overall loop elasticity of the oscillatory behavior doet give much detail on how model

structure generates the behavior (Figure 13). One needs to cdhsidgasticities of the components of
the behavior (i.e. the exponential envelope and the frequency) tefparaorder to reach a better

understanding of the structure-behavior dynamics. Furthermore, #immelof loops with each other

also need to be considered. Once again, the formal methods slbould regarded as magical devises
that reveal all that needs to be known automatically but as that merely help to get a better
understanding of the dynamics of systems under study.

® Recall that the magnitude of the complex elasticitiue gives the overall elasticity of the os¢dly behavior;
hence, the non-negative loop elasticities in Fidige
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A simple model of Economic Long Wave

The proposed methodology is also applied to a simple long wave If#tdeinan 1985). The model is
chosen for a number of reasons. First it is widely known aneftive serves as a suitable test for the
proposed methodology. Second, although it has a relatively simpbtusérut is capable of generating
complicated dynamics because of the nonlinearities. Third, it wesently used in a concurrent
application of SILS and PPM approaches (Oliva and Mojtahedzadeh. ZD@dnefore, it would be
interesting to see how the results of a joint application b %ind the EEA compare to the findings of
that study. Finally, the model is also used by Kampmann (1996) and(F28®) to illustrate the
applications of their approaches. Thus, the application of the dEthe long wave will also provide an
opportunity to compare the proposed approach with the Ford’s behavioral@dpptesiassumed that the
reader is already familiar with the model. The detailshef thodel and its dynamics can be found in
Sterman (1985). The stock-flow diagram is presented in Figure 14.
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Figure 14. Stock-flow diagram of a simple Long Wave model.

1. Identify and list all nodes and choose the state variable of interest.

There are nineteen nodes in the model. The list of the nodeS &ble C.1 in Appendix C.Zapital is
chosen as the state variable of interest.

2. ldentify and list all causal links (except the ones thatlt@voonstants and flow-to-stock links) and
pathways in the model.

There are twenty-six such causal links in the model and they are listgpiie E.4 in Appendix C.3.

There are thirty-six pathways between the state variabhespathways originating fro@apital, Supply
andBacklogare listed in Tables C.2-4, respectively, in Appendix C.3.
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3. Identify and list the feedback loops in the Shortest Independent Loop Set (SILS).

There are sixteen loops in the set (Note that 34 {the total number of Hirk&}total number of nodes} +
1 = 16. See Appendix A.2 for a brief discussion on this relatipihshihe loops are listed in Table C.5 in
Appendix C.3. The loops are also shown on the stock-flow diagram ineFlgurThe numbers of loops
that are most influential at one time or another during tinelation are printed with a larger font on the
figure. In addition, the corresponding pathways are depicted with thicker line

4. Form the gain matrix, which represents the links between state \ewiaiheir most compact form.

The model is a third-order nonlinear one. Therefore, the dimensiots gdin matrix are 33 and the
elements of the matrix change continuously over time. The fortheofmatrix is shown in Eqg. 13. The
partial derivative equations are given in Egs. C.1-9 in Appendix C.3.

ﬂ(:a[oita/ 1 Ca'pit7/ 1 Calpi}a/
fICapital 1 Supply 9 Backlog
G = ﬂSprV T Su'pry/ | sdpp/l/ (13)
longwave fICapital 9 Supply 1 Backlog
'nBac'klo;/ 1 Baékl;g/ q Ba'ck%
{Capital 1 Supply 1 Backlog

5. Simulate the model and read the gain matrix, pathway gains, net flows of sttéesaover time.

The behavior of the variable of inter&sapital is sustained oscillations with a period of about 45 years
(Figure 15). Therefore, the following analysis is conducted avperiod of 46 years from year 136 to
182.
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Figure 15. Reference behavior of state variable of inteCegital.

6. Determine the characteristics of all elemental behavior madfd¢he system and the contribution of
each behavior mode to the behavior of the state variable of interest.

Like the Predator-Prey model, the observed behavior for this nodektained oscillations. However,
the oscillations in the long wave are not caused by a single errophjugate eigenvalue pair. Rather,
the oscillatory behavior is composed of various different behawiodes each of which becomes
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gradually dominant for certain time segments of the simulaiufe C.5 and Figure 18.a). There are
five distinct segments in a period; hence, the long-wave eydlide divided into five phases similar to
the segmentation of the model behavior in Kampmann (19%&gse phases in sequential order are
1.“self-order initiation”, 2.“capital growth”, 3.“capital deceléom”, 4.“capital peak-then-decline”, and
5.“capital depreciation”. They are also shown on the behavidapital on Figure 15.

The Contributions of Elemental Behavior Modes to the Behavior of Capital
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Figure 16. Rescaled contributions of behavior modes on behavior of statdevaf interestCapital.

The relative contributions (weights) of the behavior modesatepresent at any time step to the overall
behavior of the variable of interest are provided on Figure 16b&havior modes corresponding to each
phase are listed in Table 7. The evolution of these behagdesmover time is shown in Figure C.5. Note
that there are three convergent behavior modes in the beginmiogpfthese modes disappear right after
year 138. At the same time, an oscillatory mode, which is initially alme&tntaneously converging then
for the rest of the phase diverging, emerges (due to thesceal of the two real positive eigenvalues to
give birth to a complex eigenvalue pair) and the “self-ordeiaiion” phase begins. Then oscillatory
mode gives way to two behavior modes around year 142 (a consequence of the bifurda¢i@omiiex
pair to two real negative eigenvalues) and the “capitaitr” phase is initiated. One of these behavior
modes is divergent throughout the second phase while the othenvsrgent for most of the phase
except the beginning and ending of the phase. Towards year 150wieebehavior modes disappear.
They are replaced by another divergent oscillatory mode, whicidsethe beginning of the “capital
deceleration” phase. Around year 152, the system enters theatqagak-then-decline” phase when this
oscillatory mode too gives way to two convergent behavior modesfanth phase, lasts until about
year 157 and the dominant behavior mode is the one with a time constant that varesoub@ years to

1 year during the phase. However, after a short transitpmradd the convergent behavior mode with the
time constant of about 20 years becomes dominant; hence, the finall“dapiteciation” phase.

® Kampmann divided the long wave into four segméatsed on a visual inspection of the model beharidrthe
changes in eigenvalues. However, calculating timribution of each eigenvalue in this study revehi there are
actually five distinct phases of the long wave.
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Table 7. Behavior modes present in each phase of the long wave.

Phase no. Phase name Behavior modes
1 Self-order initiation One divergent oscillatory, one convergent mode
2 Capital growth One divergent, two convergent modes
3 Capital deceleration One divergent oscillatory, one convergent mode
4 Capital peak-then-decline  Three convergent modes
5 Capital depreciation Three convergent modes

7. Compute the eigenvalue elasticities with respect to compactritiks gain matrix.

The elasticity of each behavior mode is in matrix form as showigure 17. For brevity, the graphs for
the elasticities are not shown.

e & & €’ & &
Efrgae= €1 €7 €5 Ergave= €17 6" 63°
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Figure 17. Elasticity matrices for three real eigenvalagl, @ndc) and complex pairdj.

8. Compute the eigenvalue elasticities with respect to each causal link.

The set of equations that gives the elasticities with respeeich causal link are given in Egs. C.10-35 in
Appendix C.3. For brevity, the graphs for the link elasticities are not shown.

9. Using the links identified in Step 3 and the loops in SILS form the dimatke matrix.

The directed cycle matrix for this model is given in Figurd. @ is a 16 26 matrix and its rank equals
16, the number of loops on the SILS.

10. Compute and plot the overall loop elasticity values over time and ex#hestindings.

The overall loop elasticities are computed and resulting loopindmee dynamics impacting the
exponential envelope and the observed frequency of oscillations @wela cycle are shown in Figure
18.a. The loop dominance dynamics over each phase are given in Figures 18duéntigkorder.

As the last phase of the previous cycle gives way tditbiephase of the next cycle the capacity falls
below orders. At this early stage of the self-order iitraphase, the Supply first-order control lohg2)(
becomes dominant briefly. The reason is that self-ordering mechabegins to work and increases
Supplystock. However, acquisitions do not rise fast enough for capacitgt¢h up with orders and this
loop quickly loses its influence; the Capital self-orderiogpl (L14) becomes the most dominant. After a
brief period during which there is no markedly dominant loop the finsise ends (Figure 18.b). The
previous analyses identify the importance of the self-orddong in this phase but none of them
identifies the role played by the Supply first order contvop in the beginning (Kampmann 1996, Ford
1999, Oliva and Mojtahedzadeh 2004).
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Figure 18. Evolution of loop dominance dynamics for a whole dggland for phase (b), 2 (c), 3(d), 4
(e), and 5(f) of Capital over time.
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The capital growth phase is driven by the Capital expans®nidop. In addition, the Economic growth
(L3) and the Order fulfillmentl@®) loops have relatively large positive elasticities andchehey are also
important in creating the behavior Gfapital. The influences of these loops are countered to a certain
extend by the Supply first order contral2f, the Capital decayL(), and the Backlog expansioh6)
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loops. Nevertheless, their combined effect is not enough to matthofthlie loops with positive
elasticities andCapital continues to increase exponentially during this phase. The Csglitardering
loop, however, becomes completely dormant. In addition, the capacigatigih is at its maximum
effectively keeping the first-order Production scheduling) (loop in check (Figure 18.c). This
explanation regarding the importance of the Capital expansion aretdmemic growth loops agrees
with that of Kampmann. However, the two do not agree in thelgldtee reason probably being that the
loop sets used in the two studies are not exactly the samestimgise in his comparative analysis, Ford
confirms that the looj.3 is dominant but concludes that the Iddpis not. He does not consider other
influential loops such as the overtime loop (the Production scingdolop in this study) as mentioned in
Kampmann. This phase corresponds to the phases Il, lll, and IViva &d Mojtahedzadeh (2004)
where they identify the Supply first-order control, the Capital esios, and the Economic growth loops,
respectively, as the most influential structures. Their ndfftential structures agree with the ones
identified in this analysis. Nevertheless, different from theva analysis, they identify a single dominant
structure at each phase, a characteristic of the PPM apprbaother difference is that the loops
identified as the most influential structures in this stadgtinue to be so throughout the second phase,
which is chopped into three more phases each dominated by anothé&n Obya and Mojtahedzadeh
(2004).

At the third, capital deceleration phase the net rate of incie&@3apital slows down and even begins to
decrease towards the end of the phase. At the start of the gieselatively stronger influences of
Backlog expansionLE) and Self-orderingL(14) loops can be distinguished. Then Self-ordering loop
becomes the most influential one but looses its influence towlaedsnd of the phase. In contrast, the
influences of Supply first-order, Order fulfilment, Economic giiovand Production scheduling loops
show increase (Figure 18.d). This corresponds to the beginning of tieaskean the rate of increase in
Capital. This phase is part of phase Il in Kampmann. The two stadje=e in that the self-ordering is
the most influential on average over the whole interval butegdrat differs in the details. The same
conclusion holds regarding the Ford’'s analysis. The capital etatieh phase coincides with the
beginning of the phase V of Oliva and Mojtahedzadeh (2004). TheyfiddriSupply first order control
loop as the most influential during this phase.

The Production scheduling loop becomes dominant at the first halfeoCapital peak-then-decline
phase. During this phase, the dropBercklogthat began in the previous phase continues; this relaxes the
capacity utilization and the Production scheduling loop becomes domirfentoop exerts its influence

by drawingCapital stock downward thus it first slows down; then the Supply €irder loop takes the
place of the Production scheduling loop as the most dominant, stogsotkilh of the stock and then
causes it to drop precipitously right after it peaks. Neviske this fast decline does not last long
because the dominance of the loop drops while that of capitay tema increases enough to shift the
behavior ofCapital to exponential decay. This happens around year 157. This phase epiwitial the
second half of Kampmann’s phase Il and most of the phase V of Oliva andh&tijtadeh (2004).

It is worth to note that Sterman also reports that when the ibapditization is at its maximum the
Capital expansionLf) is dominant. In time, as excess capacity develops, the capétitgtion drops
and dominance shifts to the Production scheduling loop which limisntipditude of the cycle (footnote
26 on p. 45 of Sterman 1985). This line of events corresponds to the pbasedhrough the first half of
the fourth phase of the EEA and except the third phase whefetherdering loop (L14) is dominant
the two explanations agree. They differ, however, in the corresponding dbmiganvalues as discussed
in the next section.

The transition from the fourth phase to the fifth is not sharp.ldtyes exchange dominance gradually
from approximately year 156 to 158. During this phase, most diet#taback loops are shut off by the

nonlinearities in the system a@hpital slowly falls under the influence of capital decay loop until the
cycle repeats itself. The findings for this phase agree witle thos the previous studies.
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5. Discussion and Conclusion

In spite of the guiding principle of the system dynamics thatbehavior is generated as a result of the
interactions between various feedback mechanisms of the sydtemacturate depiction of the
relationship between a model's structure and its behavibresdis upon an experimental process of
hypotheses testing by repeated simulations. This approach isdimaenging and prone to error on the
analyst's part. Therefore, System Dynamics has much to gaimdevelopment of formal methods for
model analysis. The methodology proposed in this paper consists dftdes and advances the
application of the EEA in loop dominance identification. The improvespriposed in this paper are
summarized in the following.

1. It is possible to relate the loop dominance dynamics directyny selected state variable through its
net rate (i.e. slope). One criticism directed to the EEA has lig inability to relate the loop dominance
to a variable of interest. This improvement addresses thigsmitic

2. An improved approach based on Oliva (2004) in identifying the indepelubp set is incorporated
into the model analysis. The improved approach almost alwaysdind&gjue set and hence the problem
of arbitrary selection of the members of the set is alleviated.

3. A new loop dominance measure is proposed which takes all behsdes of the model under study
into account.

4. For the selected models, the loop elasticities are actpiaitied over time thus allowing for the
visualization of how loop dominance dynamics unfold over time.

5. Many parts of the proposed procedure are already codifieds Taobthers are either available in
commercial software packages or it is the author’'s opirfianthey can be readily codified if sufficient
interest develops.

In addition, three models selected from the previous loop dominamdiestvere used to demonstrate the
implementation of the proposed methodology. This also facilitatedcttmparison of the proposed
version of the EEA with other formal model analysis approachgsggan opportunity to identify the
strengths and weaknesses of each approach. Such comparativ@stadld continue to be conducted in
the future in order to refine the existing formal analysis tools.

Of the three analyses, the one on the long wave deservesea [ok. It is generally believed that
complex eigenvalue pairs are responsible for the turning poiateyele. In this respect, the EEA of the
long wave model leads to a rather counterintuitive observatiahe generation of the long wave cycle.
For the minimum of the cycle the analysis confirms the mentioned beliehdtne first phase, there is a
complex conjugate pair of eigenvalues and the pair is resperisibthe transition of the Capital from

decay to exponential growth (see Figures 15-16).

The situation, however, is different for the maximum of the cythe Capital reaches its peak within
Phase four where there are three distinct negative eigesvadh order to understand the formation of the
peak we need to look at what happens earlier, i.e. in the ptvasethree, and four. Figure 19 presents
the eigenvalues together with the Capital and its rate (slogsgectively, through these three phases. In
Phase two, there are three distinct real eigenvalues of wigdargest positive one is the dominant (see
Figures C.5-16). The result is the ever-increasing rate, wilsighes the Capital to increase faster and
faster. Then two of the eigenvalues coalesce and form a ermophjugate pair of eigenvalues. The
complex pair is almost solely responsible for the behavidh@fCapital in this third phase (see Figures
C.5-16). Their effect can be observed on the behavior of the rdte Gfital, the increase of which first
slows down; then, reverses and the slope begins to decFegigee(19.a). This, of course, exhibits itself
as an inflection point on the behavior of the Capital after witnehincrease in the Capital begins to slow
down (Figure 19.b). The third phase is, then in a sense where theeggpaj prepares via its rate the
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downturn of the Capital, which is to happen in the next, fourth phstsaround year 152, another
bifurcation occurs resulting in three distinct negative eigkras; hence the fourth phase. Now, under the
influence of the negative eigenvalues the rate exhibitsydenl about year 157 which also marks the
transition from the fourth to the last phase of the cyclguifei 19.a). The rate exhibits decay; however, as
long as it is positive the Capital continues to grow albeit stcaand slower (Figure 19.b). Towards year
154, the rate becomes negative continuing its decay. At thattingta Capital reaches its peak and then
begins to decrease. The behavior exhibited by the Capital until abautl$7 is actually exponential
decline because its rate becomes more and more negative. &sttpbdse, the rate no longer drops but
this time exhibits decay in the opposite direction, i.e. towaeds. Zonsequently, the behavior of the
Capital changes from exponential decline to exponential decay.

What the EEA analysis tells us about the peak in the Capitlat the system prepares itself for the
peaking by entering and then leaving the oscillatory mode well iara@vof the time the Capital peaks.
Rather the complex eigenvalue pair, with some influence from the negatimeaige causes the peak in
its rate in the third phase. In the forth phase in whichpnk in the Capital occurs, the system has
already left the oscillatory mode and now is in fact in a geaking mode, which is evidenced by the
behavior of the rate of the Capital. However, the system is sgezhduring —to some extent- the second,
-but mainly- third phases that the crossing of the rate from p®giti negative during its decay in the
forth phase causes the Capital to slow down its growth and thdectme, causing the peak in the
Capital.

Although the loops identified being dominant in this study and that oim&tés mostly agree the two
differ is their findings regarding the dominant behavior modes (igenealues), especially in the second
through forth phases of the cycle. According to the EEA, the domiberatvior modes for the first and
third phases are divergent oscillations (i.e., complex conjuiggeealue pairs with real parts). These
phases correspond to the beginning and end of the time interval diniciythe capacity utilization is at
its maximum. The rest of this interval constitutes the secondepdras the dominant behavior mode is
monotonic divergent (There are three real distinct eigeegathe most positive of which is the
dominant). The second and third phases correspond to what Stemmaa t‘the expansion phase” for
which he mentions only the divergent oscillatory behavior mode (icemalex eigenvalue pair with real
parts) as dominant. In the forth phase as capacity utilizatmpsdthere are three monotonic convergent
behavior modes (i.e., real and distinct negative eigenvaluesjefdoree the dominant behavior mode
during the peak of the Capital is not a damped oscillation agesteyl in Sterman but a combination of
exponential decay modes. In other words, the amplitude of the Capitahited by monotonic
convergent behavior modes, not by a highly damped oscillation.

One of the problems of the earlier EEA applications waséble of an explicitly specified variable of
interest in the analysis. Specifying a variable of intemeskes the results of the analysis more rigorous
and relevant. In a typical EEA study, only one behavior mode isdedas dominant at each analysis
time step. Hence, the resulting explanation on loop dominance woblaskbd on that behavior mode. In
this study all behavior modes are considered to the extend ofctivdribution to the behavior of the
variable of interest at each time step and a conglomeredsure for loop dominance is devised based on
this approach. Finally, the previous applications of the EEA falftsof providing results that show the
continuous and gradual change in loop dominance dynamics over tintegdfh& also closed in this
study. The differences between the proposed methodology and tiee epgdlications of the EEA are
demonstrated on the long wave model analysis.
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Figure 19. The behavior modes (eigenvalues), the rate of change in Ggpitad Capita(b) in the third,
fourth phases and parts of second and fifth phases.

There is a close relationship between the eigenvalues anotdhedrticipation metric in linear systems.
Mojtahedzadelet al. 2004 has shown that for any linear system regardless of theabrtie system the
total participation metric is equal to the largest eigenvaluthe system in the steady-state condition.
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Still, the most important difference between the EEA and ti &bproaches is that the first approaches
structure-behavior relations from a system-wide persgecivhile the latter adopts a localized
perspective. The results one gets from the two methods majweis be in agreement because of the
different perspectives the two approaches take on in loop domiaaabgsis. For instance, although in
the Predator-Prey example the explanations from the two approaches aremaggthement it seems the
PPM approach do not appropriately relate relevant parts of dkdelmstructure to the model behavior in
case of oscillatory behavior. In another comparative study, arlwseillatory model was used and there
was even more disagreement between the results of the two @mwaaver the structural source of
oscillations (results not shown). It may be the case thdeted of agreement between the two is higher
when they are applied to nonlinear models. It is, however, worth mergitmat the application of both
EEA and PPM on a simple long wave model resulted in the samedsdpe most influential ones in the
generation of the cycle. Moreover, these loops are the onegeselsy the loop selection algorithm
(SILS) proposed by Oliva (2004). This suggests that it may bgihp@dgor other —more complicated—
system dynamics models to reach an intuitive understandimgodtl dynamics (including the loop
dominance dynamics) based on the loops selected in the SILS of those models.

Although there have been notable improvements in the EEA asalforodel analysis tool since it was
first advocated more than twenty years ago, there is still fiedurther refinement of the methodology.
For instance, the proposed overall loop dominance measure perforthedtive examples but their real
utility will show itself only after many applications on w@s system dynamics models. SILS approach
is no doubt useful in loop dominance analysis but needs to be usedrwithysand may require suitable
revisions in the future. More importantly, there is stilugh to be done for fully computerized
implementation of EEA routines. As an example, setting up equatornthé causal link elasticities
seems to be the routine that is most time-consuming. The sud@asgsimation of this step would greatly
reduce the duration of analysis. In addition, most of the codesnfedsare either tailored for models of a
specific order or for a specific model. While useful theadecodes presented in this study only serves as
a starting point and more elaborate ones are required for the proper carepliteglementation of EEA.

The work presented in this paper is part of a larger study. The nextylidseus on understanding how
uncertainty in parameter values in a model affect its loop dominance dynauchiedlldook into devising
ways to differentiate the contribution of each uncertainty @ouo the uncertainty of dominance
dynamics by coupling the EEA approach with the error analysis.

Finally, it should be emphasized that existing approaches to loop domianalysis may have much to
learn from each other. As a result, it would not be surprisingtt@ess the integration of best aspects of
the different formal tools in the future.
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