











Although the meaning of the left eigenvector is rather
abstruse [8], the right eigenvector has a pleasingly simple
interpretation. If the equilibrium values of the levels are
defined as a vector of zeroes, then consider what happens if the
levels are initialized in proportion to a particular right

eigenvector:

(7) x(0) = kr,

x - vector of level variables (n x1)

r, - right eigenvector for n®h eigenvalue (n x 1)

Using the rate of change from equation (2) and the equivalence in
equation (5),

(8) ;%i = Akr) = krps,
14=0
x - vector of level variables (n x1)
A - linearized system matrix (n x n)
r, - right eigenvector for ath eigenvalue (n x 1)
Sy - nP eigenvalue (complex scalar)

So the rate of change vector is exactly parallel to the initial
condition. In fact, this will always be true, and
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(9) x(t) = kgmexp(smt)

x - vector of level variables (n x1)

r, - right eigenvector for nth eigenvalue (n x 1)
Sy~ mth eigenvalue (complex scalar)

In other words, the right eigenvector specifies a set of initial
disturbances from equilibrium such that the levels continue to
show behavior proportional only to that disturbance, and the
variation over time is completely characterized by the eigenvalue.
In short, the right eigenvector specifies how levels move within
each particular behavior mode of the linearized system.

For shedding light on what causes a given mode of behavior,
the right eigenvector is fairly opaque, for it tells about the
movements of the levels, each measured in its own units of
measure. Moreover, there is no distinction within the right
eigenvector between levels that are essential to creating a
behavior mode, and levels that are merely driven by the behavior
and are not essential--the eigenvector indiscrimminately mixes the
tails with the dogs that wag them. But it is possible to
circumvent these difficulties by combining both the left and the
right eigenvectors, to compute participations.
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PARTICIPATIONS
. s . th . th :

The participation of the 1 level in the m" " mode is defined
as
(10) Pp1 = 1m1Tm

s s : th s th

pml - participation of 1 level in m mode (complex scalar)

g - 1%8 c1ement of 1, (complex scalar)

rm1 - 1th element of Em (complex scalar)

provided that }m and I have been normalized so that

(11) 1,'rp =1

th

r, - right eigenvector for 't eigenvalue (n x 1)

1, - left eigenvector for m’" eigenvalue (nx1)

For an oscillatory behavior mode, then, the participation
factor will be complex. It is provable that the sum of all the
participations for a particular eigenvalue is 1+0j (j=sqrt(~-1))
[9]. Moreover, the real part of the participations is
nonnegative, so they are well-behaved as indices of importance;
the participations of the key levels are typically greater than .1
in magnitude.

There are at least two interpretations of the participation
factors. One interpretation revolves around the response of the
system to an initial disturbance in one level, say xl(0)=1 [10].
The response will be -a weighted sum of exponentials representing
each of the eigenvalues (and thus behavior modes) of the system.
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Those weights are the participation factors, so that the
participaiton factors for that level give the extent %o which a
disturbance in that level is able to excite the behavior mode. As
argued heuristically by Graham [11], the cause of oscillatory
behavior is the ability for a disturbance in one level to
propagate itself around a loop. So the participation factors

. would seem to identify the levels that are most instrumental in

causing a given behavior mode to persist.

The other interpretation of the participation factors revolves
around commonality with the equations for sensitivity (see below);
mathematidally, the participation factor is equal to the
sensitivity of the eigenvalue with respect to the gain from the
given level to itself--the sensitivity of a minor loop around the
level. So levels with high participation factors can also be
thought of as the levels which, when they are constrained by
increasing the strength of a minor negative loop around them, have
the most effect on the behavior. Again, this interpretation
relates back to the identification of levels whose freedom of
motion is important to creating the behavior mode.

In earlier versions of the software, we have experimented with
heuristics using the participation factors as the basis for
selecting which data to compute and display. That isn't done now,
80 there are only two uses left for the participation factors.

The first use, of course, is to refine one's ideas of what causes
the behavior mode. Xnowing the important levels is not the same
as knowing the important connections between the levels, bubt the
levels by themselves are sometimes useful, especially when a level
is unexpectedly important, for that points up part of the model
that is operating differently than expected.

The second use of the participation factors is as a
(relatively) unique identifier for a behavior mode. The
eigenvalue software hasn't enough information to print out a
behavior mode under the label "business cycle." It comes out as
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mode number 85, or such. Only the period and damping from the BS a. .
eigenvalue, and knowing the important levels from the (12) emij = aagf X Ell
participations lets one identify a given mode as "the business 1 n
cycle." The damping and period of the eigenvalue plus the : e .. — elasticity of mth eigenvalue with respect
mi
important participationg levels provide a unique idnetification J
. . B to a,, (complex scalar)
for a given behavior mode. ; ij
sy - nth eigenvalue (complex scalar)
Participations identify the key levels involved in a aij _ i,jth element of A (scalar)
particular mode but do not explicitly identify loops. To obtain
more explicit information about which loops are important to the
model behavior, it is natural to turn to modifications of This gain elasticity can be computed using a well-known formula
traditional linear analysis--elasticities. for response to any system parameter
, (13) Sp = lm'éé P
GAIN ELASTICITIES Pg bpg
Given that the endogenous dynamics of the linearized system Sy~ mth eigenvalue (complex scalar)
are fully determined by the gain coefficients within the A matrix, pg _ gth parameter (scalar)

it is both logical and mathematically simple to address the
question of where the important gain coefficients (sometimes
called coupling time constants) are, within the A matrix. One A - linearized system matrix (n x n)~

could look at the ability of changes in each of the gain elements Copi s th .

of the A matrix to alter the eigenvalues; this should tell us o right elgenveotor for m™ elgenvaiue (2 x1)
where the important connections between levels lie.

1, - left eigenvector for n'? eigenvalue (n x 1)

So
We can define a nondimensional quantity, the elasticity of the )
th _. : s . _ QA B
m eigenvalue with respect to some gain parameter aij’ in the (14) emij = lm - I, = 1mi1rmjaij/sm
standard form for elasticities used in economics. Por brevity, ij
these will be referred to as gain elasticities. th
: e .. — elasticity of m eigenvalue with respect to

aij (complex scalar)

th eigenvalue (n x 1)

1, - left eigenvector for m
A - linearized system matrix (n x n)
- right eigenvector for mth eigenvalue (n x 1)

a4 - 1,55 element of A (scalar)



Once the eigenvectors are known, then, the computation of the

gain elasticities is very simple.

So the elasticity of an eigenvalue with respect to a parameter
is defined as the relative change in the eigenvalue devided by the
relative change in the parameter. Thus an elasticity of .5
implies that a 1% increase in the parameter will result in a 5%
increase in the eigenvalue. If the eigenvalue is complex, both
the real and imaginary parts will increase .5%. By considering
the elasticities of the eigenvalue with respect to the links
between the levels (the A matrix) one should be able to identify
the key feedback loops that determine a mode.

The elasticities as defined above have several interesting
properties. They are nondimensional, and can thus be compared
with one another, even for parts of the system with vastly
differing units of measure. Moreover, they are complex numbers,
and the real and imaginary parts contain information about the
effect of the parameter on period and damping. If the real part
is positive, an increase in the parameter will decrease the
undamped natural period Pu’ which is defined as

(15) P = 2pi/is |

P, - undamped natural period (time units)

pi - 3.141592...

sp - mth eigenvalue {complex scalar)

Pu will usually be shorter than the actual period; +the name for
this quantity comes from the formula for the behavior of a
second~order negative feedback loop with minor loops (either
positive or negative)—-Pu is what the period would be if the minor
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loops are removed. Generally, one can expect the direction of

change of Pu to match that of the actual period, except in cases
where there are large changes in the damping.

The imaginary part of the gain elasticity gives the effect on

the damping ratio, which is defined as

(16) d = —cos(/s ) = ~Re(s)/lis |

4 - damping ratio (dimensionless)
cos - cosine function

L - function taking angle of a complex number

Sy - n®h eigenvalue (complex scalar)

Re - function taking real part of a complex number

!} - function taking magnitude of a complex number

A damping ratio of 1.0 denotes a simple exponential convergence,
and -1.0 a simple exponential growth. A demping index between 1.0
and O denotes convergent oscillation, O sustained oscillations,
and between O and -1.0 divergent oscillations. Now if the complex
part of the elasticity is positive, an increase in the parameter
will decrease the damping ratio, i.e. damping will decrease [13].
The preceding rules are not easy to remember; we anticipate that
in the future, the software will calculate elasticity of period

and damping directly.

A number of properties of elasticities with respect to
elements of the A matrix have yet to be fully exploited. It is
possible to show, using implicit differentiation and invariance
with respect to choice of time units and units of measurement of
the levels, that the elasticities for all elements sum to 1, and
the sum of elasticities from all levels to a given level equals
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the sum of all elasticities from that level--a kind of Kirchoff's
law for all linear systems. Nathan Porrester has extended this
particular property of gain elasticities to be able to place a
value on the importance of every loop of the model, for a given
mode of behavior [14]. This is an exciting result, but it appears
that it will require considerable computational effort--
apparently, models with more that 25 or 50 levels will require
unresonable computer resources.

When the software was first being implemented, it was fully
expected that the elasticities with respect to elements of the A
matrix would give good indication of the important structural
connections for a given behavior mode. But such was not the case.
The failure. arose because System Dynamics models frequently
represent conserved flows--of orders, of goods, of people, and of
money. When such relationships are expressed in matrix form, .the
model parameters controlling the conserved flow in effect
influence the matrix twice--once for the outflow from one level,
and once for the inflow to the other level. But the formula for
elasticity with respect to a single element of. the A matrix
represents the results of changing only one of the pairs of such
parameters at a time. In effect, elasticity with respect to such
an element of the A matrix represents the sensitivity of the
behavior to allowing more to flow into one level than comes out
the other in a situation where the modeler intended congerved
flows. Such elasticities might be called elasticities of
violating conservation laws.

The System Dynamics National Model has numerous congserved
flows of money. And, as one might imagine, several of the most
interesting behavior modes are sensitive to money creation. So
the list of the most important elasticities was filled with, for
example, the elasticity of the parameters governing accounts
payable. There were so many of these "elasticities of violation
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of conservation" that the causal structure determining the
behavior was not discernable from the elasticities with respect to

the A matrix.

What seems necessary to determine the significant structural
connections, then, is the asgsessment of those connections as they
appear in the DYNAMO model, in which parameters are expressed in

'physically meaningful terms--in terms of conserved flows and model

variables.

PARAMETER ELASTICITIES

Elasticities of the eigenvalues with respect to the parameters
of the model can explicitly identify the "handles" of the model;
if we wish to change a mode we must change one (or more) of the
parameters that affects it.

An elasticity of eigenvalues with respect to model parameters
can be defined analogously to gain elasticities:
A P
(17) ‘B =bsmx£g=_l;'b—z_x_g
} m oy Th

ne 5pg Sn Pg Sn

‘Emg - elasticity of m)Gh eigenvalue with respect

to gth parameter (complex gscalar)

sy - n®h eigenvalue (complex scalar)

Py - gth parameter (scalar)
1, - left eigenvector for m'! eigenvalue (n x 1)
A - linearized system matrix (n x n)

T - right eigenvector for otk eigenvalue (n x 1)

The partial derivative of the A matrix with respect to the
parameter poses a problem. To compute this in brute-force
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fashion, one varies the parameter, recomputes the A matrix, and
compares it with the original A matrix %o determine the matrix of
partial derivatives. Computing the A matrix requires running the
model one time interval n times, one for each level. To perform
an exhaustive parameter analysis on the System Dynamics National
Model with perhaps 300 parameters and 300 levels calls for 90,000
model evaluations--too many to be practical.

As an interim measure, the parameter elasticity software asks
for a list of parameters for which elasticities are desired.
While this is very useful, one will never discover an unexpectedly
sensitive parameter, if every parameter elasticity that is to be
computed must be asked for.

There is a way around this "curse of dimensionality." Egqua-
tion (15) can be expressed as

(18) E o, =% éfi_j_e
€ ij dp, °mij
g
Emg - elasticity of mth eigenvalue with respect

to0 gth parameter (complex scalar)

a,, - i,jth element of A (scalar)

1)
P - gth parameter (scalar)

emij - elasticity of mth eigenvalue with respect

to 25 (complex scalar)

The vast majority of the partial derivatives will be zero; only
those links from level to level that the given parameter effects
will have nongzero partial derivatives. So for the SDNM, of the
300x300=90,000 partial derivatives, perhaps an average of between
2 and 20 are nonzero. So if it is known which level-to~level
links a parameter influences, then only 2 to 20 model evaluations
would yield the parameter elasticity, instead of the 300. With
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such a reduction in computation, exhaustive parameter search
becomes feasible even for large models.

Parameter elasticities are another answer to the question
"what's causing this behavior?" Parameters with large
elasticities should define the important channels of influence in

~ the model. Moreover, the parameter elasticities have the same

interpretations as the gain elasticities discussed above for the
effect of the given parameter change on both period and damping.
(Technically, the analysis is valid only for small parameter
changes, but usually within the range of plausible values, both
large and small parameter changes have the same qualitative
effect). So in addition to identifying important structure, the
parameter elasticities should also be very useful in adjusting the
behavior to real data.

CONCLUDING REMARKS

There are a number of avenues\for extending the work now in
progress, ranging from the mechanical to the conceptual.
Mechanically, the software will become steadily more user-friendly
and efficient of computer space and time. As mentioned above, the
eigenvalue algorithms compute with an a matrix of the full nxn
gsize, which for the System Dynamics National Model presses against
the limits of MIT's IBM 370. It will be desirable at some point
to adapt the algorithms to work with information expressed in a
more compact format, so that they can be run taking less space (of
course, smaller models don't take as much space).

At the conceptual end of the spectrum lie two ideas mentioned
previously: Forrester has outlined an algorithm to identify
dominant loops, and Perez has specified in detail an algorithm for
producing a simple model with the same principle behavior mode and
the same causal structure as a more complex model. These would
both be interesting to look into.
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Finally, we need to continue to gather operating experience in
the uses and pitfalls of linearized analysis. ‘Are there more
phenomena like "elasticity of violating conservation" that
undermine the usefulness of the analysis? Can linearization away
from equilibrium or even at extreme conditions tell us anything
about the dominant structure? Are there systems where the
eigenvalue analysis is misleading for the full nonlinear system?
We need more experience with actual application to be able to say
when, how, and by whom this software package ought to be used.

Some observations on the System Dynamics paradigm are in
order. "Classical" System Dynamics is a self-contained discipline
that can be taught to a wide variety of people. It is closely
oriented toward solving the real problems at hand. While
mathematical tools increase the modeler's power, they also
complicate the process of modeling. For which modelers and tasks
is the complication worthwhile? This question vis a' vis
eigenvalue analysis is similar to the larger question of how much
control theory students should learn [15]. The consensus of the
field to date seems to have been that very little formal
mathematice should be taught to people who are only taking two or
three courses in System Dynamics. Indeed, .at MIT, it is only
Ph.D. candidates who are required to take seperéte'control theory
courses. Now that control theory concepts are becoming more
embedded in the easy-to-use software described here, it may be
that some mathematical content is justified in the third course or
go in S8D.

To the extent that a mathematical tool is not well-understood
in practice, it should remain in the domain of the professional SD
researcher, not students. One can imagine scenarios where
gtudents, encountering phenomena like "elagticities of violating
conservation" are frustrated and disappointed not only with the
tool, but by extension with the whole field of System Dynamics.
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And even if a mathematical tool is taught to students, a
number of undesirable tendencies may emerge unless care is taken.
There is a tendency for the tools to select the problems tackled
and the formulations used. For example, the field of operations
research was originally research into operations, with results
applied immediately in the front lines of World War II [16]. But

~ over the years, the field has become academized, with elegant

theorems about optimal queueing policies that may never be
applied, and certainly don't address the today's major problems.

Mathematical tools such as eigenvalue analysis and parameter
estimation pose a similar threat to System Dynamics:

There is a temptation to exclude even realistic and necessary
nonlinearities, or the use of important but nonmeasurable
variables (goals, traditions, reputation, etc.), if they hinder
the use of mathematical tools. Find one microeconomics
textbook that talks about goals, traditions or reputation!)

There is a temptation to substitute computation for thinking;
the phenomenon of doing many simulations ingtead of studying
one ingightfully is well enough known that it's come to be
called "terminal hypnosis."

Substituting computation for thinking also threatens to
dramatically decrease the modeller's ability to speak
insightfully about the problem with clients.

The realistically robust models that typify many system

- Dynamics applications result from gerious attention to the
underlying structure of systems, rather than only its
parameters. Even without mathematical methods that elevate the
role of parameter values, there is a great temptation to
manipulate model behavior with parameter changes, rather than
seriously considering whether or not the structure is adequate.

In short, unless precautions are taken, mathematical tools are
capable of undermining many of the unique advantages that System
Dynamics now offers.

The cautions above notwithstanding, we believe that eigenvalue
and elasticity analysis hold great promise for the field. We will
continue research into its practical use.
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